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Abstract
All possible phenotypes are not equally accessible to evolving populations. In
fact, only phenotypes of large size, i.e. those resulting from many different
genotypes, are found in populations of sequences, presumably because they
are easier to discover and maintain. Genotypes that map to these phenotypes
usually form mostly connected genotype networks that percolate the space of
sequences, thus guaranteeing access to a large set of alternative phenotypes.
Within a given environment, where specific phenotypic traits become relevant
for adaptation, the replicative ability of a phenotype and its overall fitness
(in competition experiments with alternative phenotypes) can be estimated.
Two primary questions arise: how do phenotype size, reproductive capability
and topology of the genotype network affect the fitness of a phenotype? And,
assuming that evolution is only able to access large phenotypes, what is the
range of unattainable fitness values? In order to address these questions, we
quantify the adaptive advantage of phenotypes of varying size and spectral
radius in a two-peak landscape. We derive analytical relationships between the

∗
Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

1751-8121/23/345601+24$33.00 © 2023 The Author(s). Published by IOP Publishing Ltd Printed in the UK 1

https://doi.org/10.1088/1751-8121/ace8d6
https://orcid.org/0000-0003-2826-4684
https://orcid.org/0000-0003-0993-4064
https://orcid.org/0000-0003-2196-5103
https://orcid.org/0000-0001-9890-9367
https://orcid.org/0000-0003-0134-2785
mailto:smanrubia@cnb.csic.es
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/ace8d6&domain=pdf&date_stamp=2023-8-2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


J. Phys. A: Math. Theor. 56 (2023) 345601 P Catalán et al

three variables (size, topology, and replicative ability) which are then tested
through analysis of genotype-phenotype maps and simulations of population
dynamics on such maps. Finally, we analytically show that the fraction of
attainable phenotypes decreases with the length of the genotype, though its
absolute number increases. The fact that most phenotypes are not visible to
evolution very likely forbids the attainment of the highest peak in the land-
scape. Nevertheless, our results indicate that the relative fitness loss due to this
limited accessibility is largely inconsequential for adaptation.

Keywords: genotype networks, replicator populations, phenotype size,
adaptive transitions, RNA folding, toyLIFE, genotype-phenotype maps

(Some figures may appear in colour only in the online journal)

1. Introduction

Our understanding of how genotypes map onto phenotypes, functional pieces and, eventu-
ally, whole organisms, has been boosted by studies of simple genotype-to-phenotype (GP)
maps (reviews in [1–3]). At odds with a pre-sequencing era view where the mapping between
sequence and function was thought to be one-to-one [4], biologically relevant GP maps are
many-to-many, with a huge redundancy that has been deeply explored to show, in partic-
ular, that a specific phenotype can be achieved from an astronomically large number of
genotypes [5].

The set of genotypes that map to a specific phenotype typically form large networks where
genotypes are nodes and links represent a mutational move [6–10]. Assigning a unique phen-
otype to each genotype partitions the space of genotypes into a set of non-overlapping, but
linked, phenotypes, and induces a network-of-networks organization in genotype spaces [11].
Knowing the topological features of genotype networks [2, 10] is essential to perform an accur-
ate description of evolutionary dynamics [12]. Phenotype size, defined as the number of gen-
otypes that map onto that phenotype, follows a very skewed distribution, with a small fraction
of the largest phenotypes covering most of genotype space; in many cases, the distribution of
phenotype sizes is well fit by a lognormal function [13–17]. Both in numerical and empirical
studies [13, 17, 18], observed phenotypes are typically large, while most phenotypes are never
visited through blind evolutionary searches. A network representation of related genotypes,
instead of a phylogenetic tree, can bring out the existence of cycles that reveal parallel or con-
vergent evolution [19]. Also, the degree distribution of genotype networks can be put in direct
correspondence with the robustness of a phenotype: the higher the average degree, the lower
the effect of mutations, on average. A remarkable feature identified in multiple GP maps is a
linear correlation between phenotype robustness (or average degree of the genotype network)
and the logarithm of phenotype size [10, 20–23].

Despite its evolutionary relevance, the adaptive effects of phenotype size remain largely
unexplored from a formal viewpoint. When we think of ‘fitness’ of a population, more
often than not we recreate the classical fitness landscape that Wright introduced almost a
century ago [24]. In this widespreadmetaphorical representation, devised long before the com-
munity became acquainted with the structure and organization of molecular populations, fit-
ness optima corresponded to hilltops in a two-dimensional landscape: adaptation was a parsi-
monious process that proceeded always uphill and, once mutation-selection equilibrium was
attained, populations were forever sitting at the top of the hill. Though this representation can-
not, by construction, include the adaptive effects of robustness in phenotype fitness [22] or

2



J. Phys. A: Math. Theor. 56 (2023) 345601 P Catalán et al

environmental variation [25], Wright’s fitness landscapes still condition most expectations on
the outcome of the evolutionary process [26–28].

The previous criticism notwithstanding, the last two decades have witnessed an increase in
the number of works dealing with the effect of phenotype size in adaptation; terms such as
entropy, phenotypic redundancy or landscape flatness have been used as synonyms of size. A
pioneering work by Schuster and Swetina [29] discussed cases of competition between two
phenotypes where the sequence with the highest selective value had a less efficient neigh-
borhood than that with the second largest selective value; they demonstrated that too low a
robustness could be fatal at high mutation rates. High mutation rates were also shown to cause
the success of a phenotype with lower selective value but higher robustness, in an analytical
work that also analyzed the onset of the error catastrophe in this scenario [30]. In a study
of spatial gene regulation during development, it was shown that the convergence of finite
populations to the maximally fit phenotype was compromised by the multiplicity or entropy
of solutions [31]. The survival of the flattest was also considered a surprising effect where a
population of replicators would select regions of the landscape of lower fitness but ‘flatter’,
at sufficiently high mutation rates [32]. In a related work where this effect was empirically
tested with viroids, the authors stated that fitness should not always be associated with fast
replication, and that fitness can indeed be maximized by reducing the impact of mutations on
a phenotype [33]. Computational analyses of population dynamics with mutation on the gen-
otype and selection on the phenotype have further clarified the relevance of phenotype size, in
phenomena termed the ascent of the abundant [34] or the arrival of the frequent [35, 36].

There is thus broad evidence that evolving populations do tend towards an optimum that
is (at least) a combination of replicative ability and phenotype redundancy. In this work, we
quantitatively derive the contribution of both terms to the overall fitness under simple condi-
tions. We begin by presenting numerical and theoretical evidence of some important proper-
ties of genotype networks, and formally study the case of a population evolving on a network
formed by two phenotypes of different size and replicative ability, much in the spirit of [29].
Our aim is to establish the conditions under which the population would transition from one
phenotype to the other, and express the transition point as a function of phenotype properties.
In order to provide a numerical illustration of the theoretical results, we explore two GP maps
of different complexity. First, we use the RNA sequence-to-secondary structure (S3) map, a
paradigmatic example [37–39] for which precise numerical and theoretical results regarding
the topological nature of its phenotype networks are available. Second, we revisit a pattern-
generating version of toyLIFE [36] that we call toyLIFE T2P. toyLIFE is a multilevel GP map
that relies on the simple hydrophobic-polar (HP) model for basic interactions [15, 40, 41] and
that, despite its complexity, displays qualitative properties analogous to RNA. We close by
analyzing and discussing the implications that selection for large phenotypes has in the attain-
ment of phenotypes of sufficiently high replicative ability.

2. Genotype networks

Here, a phenotype is defined as a connected network of genotypes with the same replicative
ability. Genotypes are sequences of letters taken from a given alphabet. Two nodes are linked
if they differ in one position of their sequences. The number of neighbors of a given node, its
degree ki, is a measure of robustness: the degree is low when point mutations tend to modify
the phenotype of sequences one mutation away, while it is high for highly neutral sequences,
whose phenotype is typically maintained under mutations. The average degree of a phenotype
is defined as ⟨k⟩= N−1∑N

i=1 ki, where N is the phenotype size, or the number of nodes in
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its genotype network G; G is the (symmetric) adjacency matrix of a connected (undirected)
graph, whose elements are Gij = 1 if nodes i and j are connected and Gij = 0 otherwise, and
whose topology is characterized by a spectral radius γ, the largest eigenvalue of G. Finally, we
assume a constant environment; otherwise, both the precise set of nodes forming the network
and/or the value of the replicative ability could change.

2.1. Evolutionary dynamics of replicator populations

The evolution of a population of replicators on a fitness landscape, assuming discrete genera-
tions for simplicity, can be written as

n(t) =Mn(t− 1) =Mtn(0) =
N∑
i=1

λti(n(0) ·ui)ui , (1)

where ui and λi are the eigenvectors and eigenvalues of the evolution matrix M, and n(t) has
lengthN [12, 42]; n(0) is the initial condition. By definition, the nonnegative matrixM is prim-
itive (see below), so the Perron–Frobenius theorem ensures that, over time, the system evolves
towards an asymptotic state characterized by the unique first (in decreasing order of eigen-
values) eigenvector u1. In biological terms, this state corresponds to the mutation-selection
equilibrium. The components of u1 are all strictly positive and proportional to the asymptotic
fraction of the total population at each node, while its associated eigenvalue λ1 represents the
asymptotic growth rate of the population.

In a population of replicators that mutate with probability 0< µ < 1 per genotype and rep-
lication cycle, matrix M can be decomposed as

M= (1−µ)R+
µ

S
GR , (2)

where R is the diagonal matrix Rij = ri δij, ri being the replicative ability of node (genotype) i.
For a fixed phenotype, we will consider in this contribution that ri ≡ r for all i, where r can be
interpreted as the average number of copies of a given sequence in the next generation (time
step). In other words, we are considering a single phenotypic trait for all sequences, so that the
population is monomorphic. S stands for the maximum number of neighbors of a genotype.
When replicators are sequences of length L whose elements are taken from an alphabet of
A⩾ 2 letters, the size of the genotype space is m= AL, and S= L(A− 1).

Matrices such as M in equation (2) are guaranteed to be primitive if the network G is
connected and the diagonal of R is strictly positive. Both conditions are fulfilled, by definition
and because ri > 0 represent replicative values.

Matrices M and G share eigenvectors (because R= rI), and their respective eigenvalues λ
and γ are related through

λ= r

[
(1−µ)+

γµ

(A− 1)L

]
. (3)

2.2. Competition between phenotypes

Consider two phenotypes α and β, each represented by a different network, with paramet-
ers Nα/β , rα/β and γα/β . Further assume that the two phenotypes are mutually accessible
through single mutations (excluding deletions and insertions) from one or a few nodes in their
networks (see figure 1). The matrix M describing the evolution of a population of replicators
in the two-peak landscape formed by the two phenotypes has a diagonal term for replication
plus a topological contribution: two blocks along the diagonal, each corresponding to one of
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Figure 1. Schematic representation of the scenario considered in this work. A phenotype
is characterized by a neutral network of genotypes, all of which share the same replic-
ative ability r. (a) We consider a situation with two phenotypes, α and β, with networks
of sizes Nα and Nβ and known topology, on (b) a two-peak landscape representing rep-
licative abilities. (c) The joint adjacency matrix of the α+β system is formed by two
diagonal blocks, each containing the adjacency matrixGα,Gβ of each phenotype (with
spectral radii γα and γβ) plus a number of off-diagonal terms that represent mutational
connections between the two phenotypes. (d) The phenotypes of two GP maps will be
computationally studied, RNA S3 and toyLIFE T2P. See main text for further details.

the phenotypes, and one or a few non-zero elements off the diagonal blocks representing the
connections between nodes in different phenotypes just one mutation away. Specifically,

Mα+β = (1−µ)Rα+β +
µ

S
Gα+βRα+β , (4)

with Gα+β as depicted in figure 1(c); Mα+β has dimension (Nα +Nβ)
2, λα+β is its largest

eigenvalue, and Gα+β and Mα+β only share eigenvectors when rα = rβ .
The question of which of the two phenotypes would be preferred by the population, and

the point where most of the population would transition from one phenotype to the other
was addressed in a similar scenario by Schuster and Swetina [29]. As a first approxima-
tion, let us assume, following those authors, a situation where the two blocks are weakly
coupled, say that a single link exists between two typical nodes of phenotype α and phen-
otype β and Nα ⩾ Nβ ≫ 1. In this case, the block (phenotype) with the largest eigenvalue will
be the preferred choice and the other one will be asymptotically empty (as Nα > Nβ →∞).
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This transition is remarkably sudden even for finite and relatively small values of the size of
phenotypes [43–45]. That is, if a population mostly occupies phenotype α, it will transition to
phenotype β when λβ > λα: the eigenvalue λ can be interpreted as the fitness of a phenotype.
Note that, in this interpretation, fitness λ results from a non-trivial combination of the topo-
logical properties in figure 1(a) and the replication rate, as represented in figure 1(b). Indeed,
recalling equation (3), we obtain a relationship between the replication rate and the spectral
radii of the two phenotypes, stating that the transition α→ β will occur if

rβ
rα

>
1−µ+ γαµ(A− 1)−1L−1

1−µ+ γβµ(A− 1)−1L−1
≃ 1+

µ

(A− 1)L
(γα − γβ) , (5)

the last approximation holding for µ≪ 1.
If both phenotypes are mutually accessible, the population at equilibrium will be distrib-

uted across both phenotypes. The inequality above will accurately quantify the transition point
as long as the connectivity between the two phenotypes is weak. As the number of connec-
tions between the phenotypes increases, the division of the adjacency matrix into two distinct
blocks progressively blurs, the description in terms of the independent eigenvalues worsens
and the population transition between phenotypes becomes smoother [43]. Whenever rα ̸= rβ ,
the mutation rate µ affects the position of the transition point and the relative fraction of popu-
lation at each phenotype. We will not explore systematically the effects of µ in this work, and
will assume µ is sufficiently small so that equation (5) is a good approximation to the trans-
ition point. In that case, the effect of changing the mutation rate is akin to modifying sequence
length L or alphabet size A. For example, higher µ values will result in more weight for the
effect of the spectral values on the transition; thus, the transition from α to β will occur for
lower values of rβ , if γβ > γα. In the numerical examples to be discussed later µ= 0.1, while
A and L take different values depending on the GP map studied; theoretical approximations
and numerical results are in good agreement, as it will be shown.

2.3. Bounds to the spectral radius

The spectral radius is a measure of a network’s topology. Its value admits various bounds as
a function, in particular, of the average ⟨k⟩, maximum kmax and minimum kmin degree in the
network [46],

kmin ⩽ ⟨k⟩⩽ γ ⩽ kmax , (6)

equalities holding for homogeneous networks, where all nodes have the same degree.

2.3.1. Spectral radius and the mean degree of a graph. The bound ⟨k⟩⩽ γ is a known result
that can be easily proven. The spectral radius of a real symmetric matrix A is defined as

ρ(A) = max
∥x∥=1

xTAx. (7)

Thus, if A satisfies the conditions of Perron–Frobenius’s theorem (i.e. if the underlying graph
is connected and not multipartite) and u is the (unique) eigenvector associated to ρ(A) (the
largest eigenvalue), then

xTAx< uTAu= ρ(A), x ̸= u. (8)

So, if G is the adjacency matrix of a connected graph and γ is its spectral radius, and if we
take for x a uniform vector with components N−1/2, then
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xTGx= ⟨k⟩< γ (9)

as long as x ̸= u (i.e. the graph is not regular).
We can improve this lower bound for γ by repeating the argument with G2 rather that G.

As xTG2x= ∥Gx∥2 and (Gx)i = kiN−1/2, then we obtain ⟨k2⟩< γ2 for any nonregular graph.
If σ2 denotes the variance of the degree distribution, then

⟨k2⟩= ⟨k⟩2 +σ2 = ⟨k⟩2
(
1+

σ2

⟨k⟩2

)
,

and the lower bound becomes

γ > ⟨k⟩

√
1+

σ2

⟨k⟩2
⩾ ⟨k⟩+ σ2

2⟨k⟩2
(10)

(the last inequality follows from the inequality
√
1+ x⩾ 1+(x/2), valid for all x⩾ 0).

Inequalities (9) and (10) yield important relationships between the average degree of a graph
and its spectral radius, which determines the asymptotic state of a population of replicators,
as described above. For homogeneous graphs, where ki = k= ⟨k⟩ for all i, ⟨k⟩= γ holds. The
question is, how far from homogeneous are genotype networks? Are the previous relationships
relevant to predict the evolutionary behavior of a population on these networks?

2.3.2. Average degree and network size. GP maps have been broadly used to generate gen-
otype networks and to characterize the topological properties the map confers to sequence
spaces [1–3, 47]. Some of the quantities derived, most often numerically, seem to be quasi-
universal, in the sense that they are repeatedly found in a variety of GP maps. Such is the
relationship between the average degree of a genotype network and its size, which is largely
independent of the specific definition of phenotype: ⟨k⟩ ∼ logN.

This relationship can be heuristically calculated taking as example the case of the RNA
sequence-to-secondary structure (S3) map [10], though the results are more general. First, we
recall that an excellent estimation of the number N of genotypes folding into a given RNA sec-
ondary structure can be obtained by calculating the so-called versatility of each position along
the sequence. The versatility vj of site j, j = 1, . . . ,L, is defined as the number of mutations
(out of the total size A of the alphabet) that site j accepts, averaged over all sequences in the
network [16, 48, 49], from which the size of the phenotype is estimated as

N=
L∏

j=1

vj. (11)

Numerical comparison between this estimation and the exhaustive enumeration of genotypes
in a phenotype yields an excellent agreement [16, 49]. Asymptotically, the size of RNA sec-
ondary structures admits a two-versatility approximation [14, 16] that distinguishes just two
different structural elements, paired and unpaired nucleotides, each class admitting on aver-
age a number vp and vu of neutral mutations, respectively (see also [50, 51]). In a previous
contribution, it was shown that ⟨k⟩ ∝ logN using this approximation.

Nevertheless, an argument justifying the dependence of the average degree on logN can be
obtained directly from (11) if we interpret this expression as the product of L random vari-
ables: vi, the versatility of site i for a given phenotype, can be considered an instance of a
random variable with a definite distribution, that we assume to have finite variance. By taking
logarithms, logN can be regarded, in the limit L→∞, as a normal random variable

logN≈ Lνlog +L1/2σlogξ, ξ ∼N (0,1) (12)
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where νlog ≡ ⟨logv⟩, σlog ≡ ⟨(logv− νlog)
2⟩. On the other hand,

⟨k⟩=
L∑

j=1

(vj− 1), (13)

is (asymptotically in L) another normal random variable

⟨k⟩ ≈ L(ν− 1)+ L1/2σξ ′, ξ ′ ∼N (0,1), (14)

where ν ≡ ⟨v⟩, σ ≡ ⟨(v− ν)2⟩. Although referring to an average as a random variable may
sound strange, one should bear in mind that ‘average’ here is understood over the nodes of
a given phenotype. Thus, ⟨k⟩ takes different values for different phenotypes, and it is in this
sense that should be considered a random variable.

Now, from (12), we can eliminate L1/2 as

L1/2 ≈
(
logN
νlog

)1/2

−
σlogξ

2νlog
+O

(
(logN)−1/2

)
, (15)

which implies

L≈ logN
νlog

−
σlogξ

ν
3/2
log

(logN)1/2 +O(1). (16)

Substituting these two expressions in (14), we obtain

⟨k⟩ ≈ ν− 1
νlog

logN+

(
σ

ν
1/2
log

ξ ′ +
(ν− 1)σlog

ν
3/2
log

(−ξ)

)
(logN)1/2 +O(1), (17)

which can be written in the form

⟨k⟩ ≈ c logN+κ(logN)1/2η, η ∼N (0,1), (18)

where the coefficients c and κ depend on statistical properties of the distribution of versatilities
in the GP map, but not on the particulars of a specific phenotype (that information is hidden
in the random variable η).

We can estimate the coefficients in the expression (18) using maximum likelihood to fit a
normal distribution to the empirical data of a set of P phenotypes. The resulting formulas for
them are

c=

∑P
i=1⟨ki⟩∑P

i=1 logNi
, κ2 =

P∑
i=1

(
⟨ki⟩− c logNi

)2
P logNi

. (19)

Figure 2 shows the fit of equation (18) to RNA S3, L= 16, and toyLIFE T2P, with very good
results. These also extend previous numerical analysis of RNA sequences of length L= 12,
which showed that equation (18) yields, to first order in logN, an excellent fit to numerical
results (see figure 3(b) in [10]).

In view of the success of the versatility model (11) in describing the size distribution of
different GP maps [16], equation (18) turns out to be more general than the above deriva-
tion, with the RNA model in mind, might suggest. Independent analyses have shown that the
proportionality between average degree and phenotype size is not limited to RNA S3, as it
has been numerically obtained in simple models of protein folding [20], in a model for pro-
tein quaternary structure [21] and in toyLIFE [22]. Interestingly, it also describes well some
empirical observations, as the relationship observed in a genotype network reconstructed from
short haplotypes in the human chromosome 22 [23]. Altogether, these results strongly suggest
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Figure 2. Relationship between ⟨k⟩ and logN, in (a) RNA S3 L= 16 and (b) toyLIFE
T2P. The orange line represents the average of ⟨k⟩ as given by equation (18), ν⟨k⟩ =
c logN, while the dark blue lines represent the 95% confidence interval, ν⟨k⟩ ± 1.96σ⟨k⟩,
with σ⟨k⟩ = κ(logN)1/2. For RNA (a), c= 3.863,κ= 0.822, (a) while, for toyLIFE,
c= 1.7375,κ= 0.684 (b). Lower panels represent the distribution of residues of the
least-squares fit (logN)−1/2⟨k⟩= c(logN)1/2 for (c) RNA and (d) toyLIFE. Failure to
fit to aGaussian distributionmight arise from the small length of genotypes or, especially
in toyLIFE, perhaps be a constitutive property of the model.

that ⟨k⟩ ∝ logN may be a quasi-universal property of biologically realistic GP maps and fun-
damentally related to the distribution of phenotype sizes, as the derivation of both results in
the framework of the versatility model strongly suggests.

3. Genotype network topology in numerical GP maps

The theory derived in the previous section relates, on the one hand, the fitness λ of a phenotype
with its replicative ability and its spectral radius, equation (3), and, on the other hand, the
average degree ⟨k⟩ and the log size of a phenotype, equation (18). Both expressions are further
related through the inequality ⟨k⟩⩽ γ.
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Figure 3. Topological quantities characterizing RNA S3 networks for L= 16. (a) We
represent the maximum and average network degree, as well as the network spectral
radius, for connected components (CC) obtained through the exhaustive enumeration of
the sequence space, as a function of CC size. (b) Connected component spectral radius
γ as a function of the corresponding average degree ⟨k⟩. The orange line represents a
linear fit between the two measures: γ = 1.07⟨k⟩− 0.17, with R2 = 0.99. The dashed
black line represents the line γ = ⟨k⟩, as a visual aid to confirm that γ ⩾ ⟨k⟩.

Numerical simulations in this section are devoted to explore the topological properties of
two representative GP maps of different complexity, RNA S3 and toyLIFE T2P. Our eventual
aim is to check how close the average degree ⟨k⟩ is to the spectral radius γ of a genotype
network; should the approximation ⟨k⟩ ≃ γ be feasible, we could derive an approximate rela-
tionship between the fitness of a phenotype and its size.

3.1. RNA

We have exhaustively folded the space of RNA sequences of lengths L= 14,15, and 16,
mapped each sequence to its minimum-free-energy secondary structure, and separated each
phenotype into connected components (CCs) [10, 16]. The results obtained are comparable
for the three genotype lengths above (with 3311, 8792 and 23 091 CCs, respectively) and con-
sistent with those obtained for L= 12 [10]. Each CC is a connected graph for which we have
calculated the maximum degree kmax, the average degree ⟨k⟩ of its nodes, and the spectral
radius γ. Note that the maximum degree kmax corresponds to the node with the largest number
of neutral neighbors in each CC and has to fulfill kmax ⩽ (A− 1)L. The three quantities are
jointly represented in figure 3(a) for L= 16. In all cases, since all CC fulfill the conditions of
the Perron–Frobenius theorem, the inequalities of equation (6) hold.

Figure 3(b) depicts the calculated spectral radius as a function of the average degree.
As it can be seen, both quantities are not only proportional, but also remain close for all
values of ⟨k⟩ represented. Still, numerical data show a persistent dispersion due to specific
(non-independent) phenotypic features that affect the degree distribution, such as size or the
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Figure 4. Difference between the spectral radius γ and the average degree ⟨k⟩ as a func-
tion of network size N for (a) RNA S3 with L= 16 and (b) toyLIFE T2P. The lowest
value γ−⟨k⟩= 0 corresponds to homogeneous networks, where all nodes have the same
degree. In both cases, the orange line represents a linear fit: γ−⟨k⟩= 0.31log10N−
0.28 for RNA S3 (R2 = 0.56) and γ−⟨k⟩= 0.57log10N− 0.32 for toyLIFE T2P
(R2 = 0.76).

total number of paired nucleotides and their distribution within the considered RNA struc-
ture. Equation (10) made this dispersion explicit, giving a bound to the difference between
both quantities, γ−⟨k⟩> σ2/(2⟨k⟩). Figure 4(a) illustrates the difference in the case of RNA,
showing as well an increase with phenotype size N.

In the limit L→∞, the distribution of structural elements in RNA secondary structures
converges to a Gaussian distribution [14, 52, 53]. This fact does not eliminate the heterogeneity
of the network for a fixed (typical) phenotype, but implies that the dispersion σ is similar for
different (typical) phenotypes. In this limit, since c becomes independent of the phenotype,
there is an additional approximation to the inequality in equation (5) that can be performed.
Substituting equation (18), we obtain

rβ
rα

> 1+
cµ

(A− 1)L
log

(
Nα

Nβ

)
+O(

√
logN) . (20)

3.2. toyLIFE

toyLIFE is a multilevel map from binary genomes, A= 2, to Boolean gene regulatory networks
(GRNs) [40, 41]. toyLIFE sequences code for genes that are translated into 2D compact pro-
teins following the rules of a HPmodel for protein folding [54]. Each gene is a binary sequence
of length 20 with a promoter region of 4 positions plus 16 positions coding for a protein, yield-
ing 4× 4 compact lattice proteins (figure 5(a)). These proteins interact to form dimers and,
jointly, they alter the expression of genes, thus yielding Boolean GRNs. In Boolean GRNs,
genes are represented as being either ON or OFF, and we model them in discrete time, where
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Figure 5. An illustration of the multilevel genotype-phenotype map of toyLIFE with
two genes. (a) toyLIFE genotypes are binary strings with a length of 20n, where n rep-
resents the number of genes in the genome (in this case, n= 2). Each gene consists of a
promoter region represented by the first four letters and a coding region represented by
the remaining 16 letters. When the coding region is expressed, it produces a protein that
folds into a compact shape on a 4× 4 lattice. (b) By following toyLIFE’s interaction
rules [15], the corresponding gene regulatory network (GRN) is obtained. The GRN is
represented here by its truth table. (c) Each GRN, allowing for the diffusion of some
proteins to nearest neighbors, determines a unique cellular automaton. At time t, based
on the state of a cell and its neighbors, toyLIFE’s rules determine the state of the cell at
time t+ 1. The cell can be empty (white), express protein A (orange), express protein
B (blue), or express both proteins (grey). (d) When certain initial conditions are met,
such as the continuous expression of protein A in the middle cell of the tissue, the cel-
lular automata generate spatio-temporal patterns of gene expression. In this example,
the cellular automaton described in (c) produces an alternating pattern where the tissue
expresses protein B and then remains inactive, while in the center of the tissue, three
cells continuously express protein A. Figure adapted with permission from [36].

the expression of a cell at time t+ 1 depends on its own expression and that of its neigh-
boring cells at time t (figure 5(b)). This modeling approach transforms GRNs into cellular
automata (figure 5(c)). By connecting multiple cells in a one-dimensional tissue and allow-
ing the propagation of proteins between neighboring cells, spatio-temporal patterns similar to
those observed in real organisms can be obtained (figure 5(d)). Therefore, toyLIFE serves as a
multilevel map from binary genomes to Boolean GRNs to cellular automata to spatio-temporal
patterns, enabling the study of molecular evolution at different phenotypic levels. In this work,
we define phenotype to be each unique spatiotemporal pattern generated by toyLIFE genomes,
such as the one shown in figure 5(d)). We restrict ourselves to the case with two genes (T2P).
Hence, L= 40 and kmax ⩽ 40.

We have selected toyLIFE as a limit example of a complex, yet tractable, GP map that, in its
two-gene version, might be severely affected by finite size effects. Still, the qualitative behavior
of topological quantities of toyLIFE T2P phenotype networks is equivalent to that described
for RNA S3, though the multilevel nature of toyLIFE T2P yields a larger dispersion in the
relationships measured. This can be quantitatively observed in figure 6(a), which represents
the values of kmax, ⟨k⟩ and γ for the 12 051 440 CC analyzed in toyLIFE T2P. Note that these
are not all CC in T2P, only those obtained from phenotypes with N< 108 for computational
efficiency). Figure 6(b) depicts the relationship between the average degree and the spectral
radius. This latter figure indicates that only relatively small CC are homogeneous, since there
are no instances of large CC fulfilling the equality γ = ⟨k⟩. As expected, the observed disper-
sion is smaller in RNA S3, where all CC remain closer to the diagonal, as shown in figure 3(b).

Finally, we represent in figure 7(a) and b several degree distributions in the two GP maps
studied to illustrate their variation with the specific phenotype for finite L, even in phenotypes
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Figure 6. Topological quantities characterizing toyLIFE two-gene networks with a
pattern-generating phenotype (T2P). (a) We represent the maximum and average net-
work degree, as well as network spectral radius as a function of CC size, for CCs
obtained through the exhaustive enumeration of the sequence space. (b) Connected com-
ponent spectral radius γ as a function of the corresponding average degree ⟨k⟩. The
orange line represents a linear fit between the two measures: γ = 1.28⟨k⟩− 0.16, with
R2 = 0.87. The dashed black line represents the line γ = ⟨k⟩, as a visual aid to confirm
that γ > ⟨k⟩.

of comparable size. The obtained distributions are relatively peaked around a well-defined
average, so the correction obtained by including σ is small. This is further illustrated in
figure 7(c) and d, where the bound given by equation (10) is depicted. There is no notice-
able improvement with respect to the results reported in figure 4 when the dispersion of the
degree distribution is included in the bound.

4. Numerical examples of phenotypic transitions

Estimating the eigenvalue λ of genotype networks in fitness landscapes is difficult for at least
two reasons. First, an exhaustive enumeration of all genotypes in a given phenotype is out of
reach even for relatively short sequences; second, even if the replicative ability of genotypes
is known, the calculation of the spectral radius of large networks is a costly computational
procedure. The use of the log size of the phenotype as a proxy for the average degree ⟨k⟩,
first, and then for γ seems feasible in the light of the numerical results in the previous section.
Under these consecutive assumptions, equation (20) estimates the transition point between
two phenotypes given their replicative abilities and their sizes. Though this estimation will
be necessarily worse than that obtained through λ, it informs on the transition point in many
situations where the full degree distribution of a genotype network is not available, or when
the coefficients involved in a relationship such as equation (18) are unknown. Therefore, the
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Figure 7. Degree distributions for RNA S3 and toyLIFE T2P and their effects on
bounds to the spectral radius. (a) Degree distribution for RNA S3 with L= 16;
(b) degree distribution for toyLIFE T2P; difference (γ−⟨k⟩−σ2/2⟨k⟩2 for (c) RNA
S3 with L= 16 and (d) toyLIFE T2P. In (c) and (d), the orange line represents a linear
fit: γ−⟨k⟩−σ2/2⟨k⟩2 = 0.32log10N− 0.32 for RNA S3 (R2 = 0.56) and γ−⟨k⟩−
σ2/2⟨k⟩2 = 0.56log10N− 0.39 for toyLIFE T2P (R2 = 0.79).

advantage of using logN instead of γ comes from the existence of various low-cost compu-
tational methods that allow accurate [18] and approximate [16, 49] estimations of phenotype
size.

We have explored transitions between phenotypes in RNA S3 and toyLIFE T2P in a two-
peak landscape to characterize the transition and, chiefly, to quantify how the transition point
depends on the topological characteristics of the phenotype. A schematic of the scenario stud-
ied is represented in figure 1. Our exhaustive enumeration of the two GPmaps described (RNA
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Figure 8. Accuracy of the prediction λα = λβ as transition point. (a) RNA. Each point
represents a system of two phenotypes of different size, each characterized through its
fitness λ. The vertical axis shows qβ , the fraction of replicators in phenotype β. All
206 821 pairs of the 3311 CCs of RNA S3 with L= 14 that are mutually accessible
through point mutations were used for this plot. (b) As previous panel, for toyLIFE.
The color scale represents the fraction of links that connect every pair of phenotypes.
Most pairs of phenotypes follow the prediction, with a dispersion of about 1% around
λα = λβ . The parameters of the simulations are replicative ability rα = rβ , mutation
probability µ= 0.1, alphabet length A= 4 and L= 14 for RNA; rα = rβ , µ= 0.1, A= 2
and L= 40 for toyLIFE. λα and λβ were calculated with equation (3), where γ is the
spectral radius of each network. The latter were numerically computed for each network.

S3 and toyLIFE T2P) allows to characterize all phenotype networks and the links between
phenotypes, that is, nodes that belong to each of the phenotypes, and the complete set of neigh-
boring phenotypes one mutation away—with at least one connecting pair, but few to many
in general. The transition matrix Mα+β = (1−µ)Rα+β +(µ/S)Gα+βRα+β , with Gα+β as
depicted in figure 1(c); Mα+β has dimension (Nα +Nβ)

2 and λα+β is its largest eigenvalue,
with associated eigenvector u= (ui).

The first approximation we made was that matrix Mα+β would have a block-like struc-
ture, with few, off-diagonal, non-zero elements, following [29]. In an updated representa-
tion [43] the two-phenotype system has been described as two connected networks ‘com-
peting’ for ‘resources’ (in the present case, resources correspond to replicators). It has been
shown [43] that the eigenvector centrality of connector nodes, in our case the set of gen-
otypes that are one mutation away but belong to different phenotypes, determines how
sharp is the transition at λα = λβ . The larger the number of connector nodes and their
eigenvector centrality, the less accurate becomes the prediction based on the two-block
separation.

Let us define qα = U−1∑Nα

i=1 ui as the fraction of the population of replicators that occu-

pies nodes in phenotype α at equilibrium. Also, there is a fraction qβ = U−1∑Nα+β

i=Nα+1 ui =

1− qα of the population of replicators occupying nodes in phenotype β, with U=
∑Nα+β

i=1 ui.
Figure 8 shows, for many different pairs (α,β) of phenotypes, the fraction qβ at equilib-
rium. Most of the population occupies nodes in phenotype β when λβ > λα, and vice versa.
The color scale represents the fraction of links that actually connect both phenotypes in
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Figure 9. Accuracy of the prediction ⟨k⟩α = ⟨k⟩β as transition point (assuming rα =
rβ). Results are represented in the plane (⟨k⟩α,⟨k⟩β). (a) RNA S3, L= 14. Each point
stands for an average over all pairs of phenotypes with the corresponding average
degrees. The color scale indicates the fraction qβ of the total population occupying nodes
of phenotype β, averaged over pairs. (b) toyLIFE T2P. As in the previous plot.

relation to its maximum possible number, showing that this fraction is in the majority of
cases small. As expected, the transition around λα = λβ is sharp for pairs of phenotypes
weakly connected, while large fractions of connector links between phenotypes smoothen the
transition [43].

4.1. Transition as a function of average degree

This is a second approximation where we assume that the average degree is a good approx-
imation of the spectral radius, ⟨k⟩ ≃ γ. In previous sections, we have seen that this is not
always the case since, though degree distributions are peaked around well-defined average
values, genotype networks are heterogeneous in degree, and their heterogeneity does not van-
ish with increasing phenotype size. What is more important, the average degree depends on
each specific phenotype, as we have seen explicitly with RNA, and numerically with the two
examples we have explored. An advantage of using the average degree to predict the transition
point, however, is that ⟨k⟩ can be obtained through suitable sampling of nodes in a genotype
network, and does not require an exhaustive knowledge of the network—which is needed to
calculate γ or λ.

Figure 9 represents the fraction qβ averaged over all pairs of phenotypes with degree
(⟨k⟩α,⟨k⟩β). White points stand for non-existing pairs; statistics are better for average val-
ues of the degree, between 5 and 20 for RNA S3, L= 14 and 3 and 5 for toyLIFE T2P. The
prediction worsens close to the diagonal ⟨k⟩α = ⟨k⟩β , though it is quite good for RNA and
slightly worse for toyLIFE. We do not observe any improvement in the predicted transition
point with larger average degree. The prediction is very good when the difference between the
average degree of the two phenotypes is about 2–3 or larger. Despite all the caveats, the aver-
age degree yields a reasonable, probabilistic estimate, of the position of the transition between
two phenotypes.
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Figure 10. Accuracy of the prediction logNα = logNβ as transition point (assuming
rα = rβ and a phenotype independent coefficient c). (a), (b) Results are represented
in the plane (logNα, logNβ) for (a) RNA S3, L= 14 and (b) toyLIFE T2P. Each point
stands for an average over all pairs of phenotypes with the corresponding sizes. The color
scale indicates the fraction qβ of the total population occupying nodes of phenotype β,
averaged over pairs. (c), (d) Fraction of population in phenotype β, qβ as a function of
the relative size between the two phenotypes, Nβ/Nα. The color scale indicates the size
of the smallest phenotype in the compared pair. (c) RNA S3, L= 14; (d) toyLIFE T2P.

4.2. Transition as a function of phenotype size

The third and last approximation we check here is the substitution of the average degree of
a network by the logarithm of the phenotype size, times a phenotype-dependent multiplicat-
ive term, ⟨k⟩ ≃ c logN to predict the transition point. As discussed above, there are reasons to
assume that c becomes asymptotically independent of the phenotype for typical phenotypes,
at least in RNA. We cannot discard that some GP maps may behave otherwise though, as of
yet, we do not have examples contradicting that assumption. Figures 10(a) and (b) repres-
ents the fraction qβ averaged over all pairs of phenotypes with sizes (logNα, logNβ), while
figures 10(c) and (d) represents individual pairs. This prediction could be improved had we

17



J. Phys. A: Math. Theor. 56 (2023) 345601 P Catalán et al

included the value of the coefficient c for different phenotypes; however, we have chosen to
represent the case where c is assumed to be phenotype-independent as a limit case with the
minimum number of quantities to estimate: just phenotype size.

The use of N as a proxy to estimate transitions between phenotypes has a practical and
a conceptual implication, as we have anticipated in previous sections. On the practical side,
phenotype size can be easily estimated with a variety of methods of different accuracy avail-
able in the literature [16, 18, 49]; on the conceptual side, the relationship between the trans-
ition point and phenotype size provides a quantitative measure of the importance of phenotype
redundancy, a measure of entropy, in phenotype fitness. Though this prediction is not as good
as the one obtained if the whole genotype network is known, it is reasonable attending to the
computational effort needed to estimate phenotype size. Further, it allows a first estimation
of the relative adaptive value of replicative ability versus phenotype size. For RNA S3 and
L= 14, an order of magnitude difference in phenotype size means that the smaller phenotype
is essentially empty; whether this difference remains constant or increases with L remains to
be explored. For toyLIFE T2P, the difference required is slightly larger, about 1.5 orders of
magnitude. For pairs of phenotypes more similar in size, however, the larger one typically
attracts over 50% of the population—note that light-blue points are rare in any case.

5. On finding a sufficiently fit phenotype

Evolution is severely conditioned by the size of phenotypes, as all studies with synthetic and
empirical GPmaps have demonstrated. In the sections above, we have derived quantitative rela-
tionships between the fitness λ and two important features: replicative ability and phenotype
size. The dependence with phenotype size N provides a first explanation of why large phen-
otypes are the only ones seen by natural selection: when a population has to choose between
two phenotypes of comparable replicative ability, the larger one will be preferred. The question
arises: how much replicative ability is lost as a consequence of phenotype size?

Let us address this question in a simple situation where the distribution of phenotypes sizes
is known and fitness values for each phenotype are drawn at random from a distribution of well-
defined average, regardless the size of the phenotype. Note that quantitative results of previous
sections are not used explicitly here. Instead, we will consider another quasi-universal prop-
erty of GP maps that explains the huge span in phenotype sizes: the distribution of phenotype
sizes is in most cases well fit by a lognormal function [13, 16, 22, 48]. This feature of pheno-
type sizes entails that there are orders of magnitude difference between abundant, typical, and
rare phenotypes, even for relatively short sequences: an astronomically large number of pheno-
types invisible to evolution. The preference for large phenotypes can be dramatically illustrated
with the case of natural, non-coding RNA sequences [13]. For example, most abundant pheno-
types in sequences of length L= 126 have sizes between 1020 and 1040. However, phenotypes
selected in natural systems (meaning here RNA S3 sequences available at the fRNAdb [55])
have sizes not smaller than 1036, reaching 1046 in many cases [13]. For other functional, non-
coding RNAs subjected to strong selective pressures on the secondary structure, such as viroids
[56, 57], phenotype sizes can reach 1090 for L≃ 399 [58]. The number of compatible geno-
types rapidly becomes hyperastronomically large for any realistic functional phenotype [5].

5.1. Visible values of phenotype size

Although the following discussion applies to any GP map with a log-normal distribution of
phenotype size, for the sake of illustration—and because it is the best documented example
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Figure 11. Fraction of phenotypes f with a log-size logN (orange), as well as the fraction
of genotypes in phenotypes of log-size logN (blue), for sequences of length L. The
former are normally distributed with mean µL and standard deviation σL; the latter are
distributed as Nf (logN)—hence as a normal of mean µL+σ2

L and standard deviation
σL [16]. The ‘visible’ phenotypes are those in which nearly all genotypes (here 99 %)
are concentrated.

in the literature—, we will focus on the case of the RNA S3 map. For this map we know [16]
that the fraction of phenotypes with a given logN is a normal distribution with mean µL and
standard deviation σL, given by

µL = µ1L+O(1), σL = σ1L
1/2 +O

(
L−1/2

)
,

where µ1 = 0.2865 and σ1 = 0.4434. This means that the fraction of genotypes belonging to
a phenotype of log-size logN is also a normal distribution with the same variance but shifted
up to a mean value µL+σ2

L [16]. The two distributions are sketched in figure 11. This picture
illustrates why most genotypes (say 99% or 99.9% of them) are only found in a fraction of the
largest phenotypes (the orange-colored region in the figure). In particular, it explains why real
phenotypes found in nature belong to this top region of the size distribution [13].

We can make this argument more quantitative. Let p be the fraction of genotypes in the blue
region of figure 11 (as we said, p= 0.99 or p= 0.999). If Np is the lowest size limiting this
region from below, then

logNp = µL+σ2
L−

√
2σLzp, p= 1− 1

2
erfc(zp), (21)

erfc(z) being the complementary error function. From this size we can now compute the frac-
tion of phenotypes to which those genotypes belong (the orange region of figure 11) as

q=
1
2
erfc(ζp), ζp =

logNp−µL√
2σL

=
σL√
2
− zp. (22)

This is the fraction of ‘visible’ phenotypes—those that evolution can find in a random explor-
ation of the genotype space. Table 1 shows that zp is not very sensitive to the precise value of
p, so a reasonable estimate for it is zp ≈ 2.
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Table 1. Values of zp for different choices of the fraction p.

p zp

0.99 1.644 976
0.999 2.185 124
0.9999 2.629 7417

Now, an asymptotic approximation of erfc(u) when u→∞ is [59, equation (7.12.1)]

erfc(u)∼ e−u2

√
πu

[
1+O(u−2)

]
,

therefore, as L→∞,

q∼ 1
2
√
π

√
2

σL−
√
2zp

e
−
(

σL√
2
−zp

)2

∼ 1√
2πσ1L1/2

e−σ2
1L/2 =

0.9
L1/2

(1.1)−L.

In other words, the fraction of visible phenotypes for a fixed, large value of the fraction of gen-
otypes, decreases exponentiallywith the length L of the genotype. (Notice how this asymptotic
estimate does not depend on the actual value of zp.)

But, on the other hand, the total number of phenotypes for RNA secondary structures (with
stacks formed by at least two consecutive nucleotide pairs and terminal loops with at least three
unpaired nucleotides) grows with L as 1.48L−3/2(1.85)L [14, 60, 61]. Therefore, the absolute
number of different, large phenotypes covered by a fraction p of genotypes actually grows
exponentially with L as 1.33L−2(1.68)L.

In summary, the visible phenotypes are only a negligible fraction of all the possible pheno-
types that could potentially exist, and nevertheless, the absolute number of them is still huge.
So evolution has a lot of variability to choose from even if it only ‘sees’ a tiny bit of it. But the
question remains whether a high replicative ability can compensate for this ‘blindness’ so as
to bring any of these hidden phenotypes to light. In the next subsection we will explain why
we think this is highly unlikely to happen.

5.2. Attainable values of phenotype replicative ability

The distribution of replicative abilities of possible phenotypes is mostly unknown, but its
range of values can be guessed based on empirical evidence. A paradigmatic example of
increase in replicative ability is provided by Spiegelman’s experiment where, allowing for
arbitrary changes in their length, RNA sequences attained a 15-fold increase in replic-
ative speed [62]. In a more realistic cellular environment, a measure of replicative abil-
ity is given by the processivity of RNA Pol II. This protein synthesizes RNA at a speed
between 1 kbmin−1 and 6 kbmin−1, with a clear peak around 3 kbmin−1 and little differ-
ence between genes [63]. It seems reasonable to assume that biochemical constraints bound
the possible values of the replicative ability of phenotypes, even if other traits are under
selection, to a relatively narrow range that spans from a few-fold increase to an order of
magnitude.

For the sake of simplicity, let us therefore assume that the replicative ability of a set of
phenotypes (for example, those able to accomplish a specific task) follows a Gaussian distri-
bution with average ⟨r⟩ and variance σ2

r . Then, the maximum value ofM occurrences follows
a peaked distribution around the average value hM ∼ ⟨r⟩+σr

√
2logM [64]. If M∼ bLαaL,
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then hM ∼ ⟨r⟩+σr
√
2L loga. Let us now compare the average value of two sets, the first one

including all possible phenotypesM∼ 1.48L−3/2(1.85)L, and the second one embracing those
phenotypes covering nearly all genotypes,M ′ ∼ 1.33L−2(1.68)L, as calculated in the previous
section. Thus, hM ∼ ⟨r⟩+ 1.11σrL1/2 and hM ′ ∼ ⟨r⟩+ 1.02σrL1/2. The latter is not even 10%
lower than the former. In other words, among the accessible phenotypes the population can
find phenotypes with replicative abilities comparable to the largest ones available in the whole
phenotype space.

6. Discussion and conclusions

Phenotypes can be described as connected networks of genotypes mutually accessible through
mutations. In fixed environments, the fitness of a phenotype corresponds to the largest eigen-
value of the transition matrix associated to the network of genotypes with known replicative
abilities. In this contribution we have shown that, in the simplified case where all genotypes
in a phenotype have the same replicative ability, the transition between two phenotypes can
be successively approximated, with decreasing precision, by the relationship between the two
eigenvalues of the phenotypes, the average degree of their genotype networks and finally the
log-size of the phenotypes. This latter case is interesting due to the existence of simple com-
putational methods to estimate the size of a phenotype and, especially, because it measures
the quantitative relevance of phenotype size in adaptation. In the current context, phenotype
size is a measure of entropy and also of robustness of the phenotype [13] and, as such, its
turns out to be an essential component of phenotype fitness. Updated representations of fitness
landscapes that include the networked nature of phenotypes—such as adaptive multiscapes
[22]—become essential to re-educate our intuition on the outcomes of the evolutionary
process.

Our approach to the description of the transition between phenotypes has been necessarily
simple. We have considered a two-peak landscape for replicative ability and calculated the
eigenvector of the joint transition matrix, which represents mutation-selection equilibrium.
There are multiple studies that, inspired by the overarching concept of punctuated equilibria
[65], have explored the speed of the transition of a population of replicators between two
loosely connected networks. In all such studies, sudden transitions in genotype spaces have
been identified [12]. Early descriptions of sudden transitions corresponded to adaptation to
increasingly fitter phenotypes [29, 66], akin to the scenario explored here. In neutral networks
with community structure, the population mostly concentrates in the largest community [45],
though sudden transitions occur every time a larger community is found [67]. This phenomen-
ology is analogous to that observed in rough fitness landscapes with complex topology, where
the largest fraction of the population is found within a small subset of connected nodes, exper-
iencing sudden shifts in genome space under smooth environmental changes [42], even if
phenotypes are not explicitly defined [44]. Numerical simulations of the transition between
two phenotypes when the replication rate is smoothly varied (results not shown) yield fast
transitions of the type described in previous works. All these observations are well under-
stood in a theoretical framework where networks are visualized as ensembles that compete
for resources [43]. Transitions between two such networks can be smooth or sudden, with all
possibilities in between, depending on the number of connector links between the networks
and the eigenvector centrality of the connecting nodes. Therefore, the strength of the trans-
ition and the fraction of population in either network can be tuned through an appropriate
election of the nodes than link one network to another. The fact that adaptive transitions in
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populations of replicators embedded within a GP map are sudden is consistent with the exist-
ence of a reduced number of links between phenotypes and the expectation that most of these
connections link peripheral genotypes. The topology of genotype networks, unlike in synthetic
examples of neutral networks [67], cannot be modified at will. Community structure seems to
be a generic property of realistic GP maps, be these communities mutually neutral, differ-
ent phenotypes, or a subset of nodes in a fitness landscape. If this is so, sudden transitions in
genotype spaces should be the rule also in natural systems (see e.g. [68])—though it might be
difficult to disentangle the role played by various variables, such as phenotype size, replicative
ability, environmental changes (which may modify at once the two previous variables [22]),
or increases in robustness.

Large phenotypes embrace various evolutionary advantages, not all of them adaptive. First,
there is a dynamical advantage, known as phenotypic bias, due to the fact that the typ-
ical discovery time of a phenotype in blind searches is proportional to the inverse of its
frequency [35]. Recent studies have related this phenotype bias to a simplicity bias, arguing
that phenotypes with many genotypes (resulting from a GP map) have to be simple in terms
of algorithmic information theory and Kolmogorov complexity [69, 70]. This interesting rela-
tionship provides an additional way of predicting transitions between phenotypes, where phen-
otype size would be substituted by phenotype complexity, a quantity also simple to estimate
from a computational viewpoint [71]. Second, the average robustness of phenotypes (their
average degree) increases with its size as ⟨k⟩ ∝ logN; that is, the larger the phenotype, the
more robust its nodes are. Higher robustness (higher entropy) confers an immediate adaptive
advantage. Third, larger phenotypes also have further access to evolutionary novelty, by guar-
anteeing navigability of the genotype space and facilitating contact with a higher diversity of
phenotypes. Altogether, selection of larger (hence fitter) phenotypes appears as an evolution-
ary trend that could entail a form of irreversibility in evolution. This process is also related to
the unfathomable size of genotype spaces: networks of genotypes become so large, even for
relatively short sequence lengths, that natural populations are unable to explore any significant
portion of them, even in substantial evolutionary time, causing a perpetual drift to more robust
regions: they are never stably sitting at the top of a hill.

It has not escaped our notice that the consistent observation that only large phenotypes are
found in natural RNA sequences (and probably in any realistic GP map) immediately suggests
an alternative interpretation in the light of our results, namely, that the number of phenotypes
with significantly larger replicative ability and typical (or smaller) size is actually negligible.
In other words, the minimum size of phenotypes found in nature may actually bound the loss
in replicative ability, and not the other way round. Should it be otherwise, why would smal-
ler phenotypes with larger λ not be gradually fixed through natural selection? In favor of this
alternative view comes the observation of how powerful natural selection is to select for phen-
otypes that would be never found under blind searches [72], but that can be attained under
parsimonious incorporation of increasingly rare (at least at first sight) solutions. Finally, it
cannot be discarded that selection for improved replicative ability (or for optimized function-
ality) and selection for higher robustness (or higher phenotype size) occur concomitantly. If
a phenotype highly optimized for function is too rare to guarantee sufficient robustness, the
size of such phenotype could be enlarged through modification of traits that preserve function
and increase size (though these are usually not included in simple models), such as genotype
length [73, 74], the emergence of additional levels in the GP map [15] or the formation of
complex interacting molecular ensembles [75]. Nature always finds a way.
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